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ABSTRACT

For a convex body K C R™ and ¢ € {1,...,n— 1}, the function assigning
to any i-dimensional subspace L of R", the i-dimensional volume of the
orthogonal projection of K to L, is called the i-th projection function of
K. Let K, Koy C R™ be smooth convex bodies with boundaries of class
C? and positive Gauss—Kronecker curvature and assume K is centrally
symmetric. Excluding two exceptional cases, (i,j) = (1,n—1) and (¢, ) =
(n —2,n — 1), we prove that K and Ko are homothetic if their i-th and
j-th projection functions are proportional. When Ky is a Euclidean ball
this shows that a convex body with C? boundary and positive Gauss—
Kronecker with constant i-th and j-th projection functions is a Euclidean
ball.
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1. Introduction and main results

A convex body in R™ is a compact convex set with nonempty interior. If K
is a convex body and L a linear subspace of R", then K|L is the orthogonal
projection of K onto L. Let G(n,i) be the Grassmannian of all i-dimensional
linear subspaces of R™. A central question in the geometric tomography of
convex sets is to understand to what extent information about the projections
K|L with L € G(n,i) determines a convex body. Possibly the most natural,
but rather weak, information about K|L is its i-dimensional volume V;(K|L).
The function L — V;(K|L) on G(n,4) is the i-th projection function (or the
i-th brightness function) of K. When ¢ = 1 this is the width function
and when ¢ = n — 1 the brightness function. If this function is constant,
then the convex body K is said to have constant i-brightness. For n > 2
and any i € {1,...,n — 1}, by classical results about the existence of sets with
constant width and results of Blaschke [1, pp. 151-154] and Firey [6] there
are nonspherical convex bodies of constant i-brightness (cf. [7, Thm 3.3.14,
p. 111; Rmk 3.3.16, p. 114]). Corresponding examples of smooth convex bodies
with everywhere positive Gauss—Kronecker curvature can be obtained by known
approximation arguments (see [21, §3.3] and [12]). Thus it is not possible to
determine if a convex body is a ball from just one projection function. For other
results about determining convex bodies from a single projection function see
Chapter 3 of Gardner’s book [7] and the survey paper [10] of Goodey, Schneider,
and Weil.

Therefore, as pointed out by Goodey, Schneider, and Weil in [10] and [11],
it is natural to ask whether a convex body with two constant projection func-
tions must be a ball. This question leads to the more general investigation
of pairs of convex bodies, one of which is centrally symmetric, that have two
of their projection functions proportional. Examples in the smooth and the
polytopal setting, due to Campi [3], Gardner and Voléi¢ [8], and to Goodey,
Schneider, and Weil [11], show that the assumption of central symmetry on
one of the bodies cannot be dropped. A convex body is said to be of class
Ci if its boundary, 0K, is of class C? and has everywhere positive Gauss—
Kronecker curvature. It is well-known that a convex body of class C_% has a C?
support function, but the converse need not be true. A classical result [20] of
S. Nakajima (who also published under the name A. Matsumura) from 1926
states that a three-dimensional convex body of class C’JQr with constant width
and constant brightness is a Euclidean ball. This answers the previous ques-
tion for smooth convex bodies in R3. Our main result generalizes Nakajima’s
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theorem to the case of pairs of convex bodies with proportional projection func-
tions, slightly relaxes the smoothness assumption, and, more importantly, pro-

vides an extension to higher dimensions.

THEOREM 1.1: Let K, Ky C R™ be convex bodies with K of class Ci and
centrally symmetric and with K having C? support function. Let 1 < i <
j < n—1 be integers such that i ¢ {1,n — 2} if j = n — 1. Assume there are
real positive constants «, 3 > 0 such that

Vi(KIL) = aVi(KolD) and  Vi(K|U) = 6V, (KolU),
for all L € G(n,i) and U € G(n,j). Then K and K, are homothetic.

Other than Nakajima’s result the only previously known case is ¢ = 1 and
j = 2 proven by Chakerian [4] in 1967. Letting Ky be a Euclidean ball in the
theorem, we get the following important special case.

COROLLARY 1.2: Let K C R™ be a convex body with C? support function.
Assume that K has constant i-brightness and constant j-brightness, where
1<i<j<mn-1landi¢ {1,n—2}if j =n—1. Then K is a Euclidean
ball.

If OK is of class C? and K has constant width, then the Gauss-Kronecker
curvature of K is everywhere positive. Thus we can conclude that K is of class
C?, which yields the following corollary.

COROLLARY 1.3: Let K C R" be a convex body of class C? with constant width

and constant k-brightness for some k € {2,...,n —2}. Then K is a Euclidean
ball.

Corollary 1.3 does not cover the case that K has constant width and bright-
ness, which we consider the most interesting open problem related to the sub-
ject of this paper. Under the strong additional assumption that K and K, are
smooth convex bodies of revolution with a common axis, we can also settle the
two cases not covered by Theorem 1.1.

ProprosITION 1.4: Let K, Ky C R™ be convex bodies that have a common axis
of revolution such that K has C? support function and Ky is centrally symmetric
and of class C’i. Assume that K and Ky have proportional brightness and
proportional i-th brightness function for ani € {1,n—2}. Then K is homothetic
to Ky. In particular, if Kq is a Euclidean ball, then K is also a Euclidean ball.

From the point of view of convexity theory the restriction to convex bodies
of class Cf_ or with C? support functions is not natural and it would be of great
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interest to extend Theorem 1.1 and Corollaries 1.2 and 1.3 to general convex
bodies. In the case of Corollary 1.3 when n > 3, i = 1 and j = 2 this was done
in [15]. However, from the point of view of differential geometry, the class Ci is
quite natural and the convex bodies of constant i-brightness in Ci have some
interesting differential geometric properties. If 9K is a C? hypersurface, then (as
usual) x € 0K is called an umbilic point of K if all of the principal curvatures
of K at x are equal. In the C’i case, this is equivalent to the condition that
all of the principal radii of curvature of K at the outer unit normal vector of K
at = are equal. The following is a special case of Proposition 5.2 below.

PROPOSITION 1.5: Let K be a convex body of class Ci in R™ with n > 5, and
let 2 < k < n — 3. Assume that K has constant k-brightness. Then 0K has a
pair of umbilic points x1 and x4 such that the tangent planes of 0K at x1 and
xo are parallel and all of the principal curvatures of 0K at x1 and x4 are equal.

This is surprising because when n > 4 the set of convex bodies of class Cf_
with no umbilic points is a dense open set in C’i with the C? topology.

Finally, we comment on the relation of our results to those in the paper [14]
of Haab. All our main results are stated by Haab, but his proofs are either
incomplete or have errors (see the review in Zentralblatt). In particular, the
proof of his main result, stating that a convex body of class Ci with constant
width and constant (n — 1)-brightness is a ball, is wrong (the proof is based
on [14, Lemma 5.3] which is false even in the case of n = 1) and this case is still
open. We have included remarks at the appropriate places relating our results
and proofs to those in [14]. Despite the errors in [14], the paper still has some
important insights. In particular, while Haab’s proof of his Theorem 4.1 (our
Proposition 3.5) is incomplete, see Remark 3.2 below, the statement is correct
and is the basis for the proofs of most of our results. Also it was Haab who
realized that having constant brightness implies the existence of umbilic points.
While his proof is incomplete and the details of the proof here differ a good deal
from those of his proposed argument, the global structure of the proof here is
still indebted to his paper.

2. Preliminaries

We will work in the Euclidean space R™ with the usual inner product (-,-)
and the induced norm | - |. The support function of a convex body K in R™
is the function hx: R™ — R given by hx(z) = maxyex(z,y). The function
hx is homogeneous of degree one. A convex body is uniquely determined by
its support function. Subsequently, we summarize some facts from [21] which
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are needed. An important fact for us, first noted by Wintner [22, Appendix],
is that if K is of class Ci, then its support function hx is of class C? on
R™ ~ {0} and the principal radii of curvature (see below for a definition) of K
are everywhere positive (cf. [21, p. 106]). Conversely, if the support function
of K is of class C? on R™ \ {0} and the principal radii of curvature of K are
everywhere positive, then K is of class C3 (cf. [21, p. 111]). In this paper, we
say that a support function is of class C? if it is of class C? on R™ . {0}. Let L
be a linear subspace of R™. Then the support function of the projection K|L is
the restriction hg |z, = hx|r. In particular, if hx is of class C?, then hi | is of
class C2? in L. As an easy consequence we obtain that if K is of class Ci, then
K|L is of class C% in L.

All of our proofs work for convex bodies K C R™ that have a C? support
function. That this leads to a genuine extension of the C’JQr setting can be seen
from the following example. Let K be of class C’JQr and let 79 be the minimum of
all of the principal radii of curvature of K. Then by Blaschke’s rolling theorem
(cf. [21, Thm 3.2.9, p. 149]) there is a convex set K3 and a ball B, of radius ry
such that K is the Minkowski sum K = K; + B;,, and no ball of radius greater
than rg is a Minkowski summand of K. Thus no ball is a summand of K, for
it K1 = Ko+ B, r > 0, then K = Ky + B,, = Ky + By4,,, contradicting
the maximality of r9. As every convex body with C? boundary has a ball as a
summand, it follows that K; does not have a C? boundary. But the support
function of K; is hx, = hx — ro| - | and therefore hx, is C?. When K has
nonempty interior, for example when K is an ellipsoid with all axes of different
lengths, then K is an example of a convex set with C? support function, but
with 0K, not of class C2.

If the support function h = hx of a convex body K C R™ is of class C?,
then let gradhx be the usual gradient of hx. This is a C' vector field on
R™ . {0} (which is homogeneous of degree zero). Let S"~! be the unit sphere
in R®. Then for u € S*~! the unique point on K with outward unit normal u
is grad g (u) (cf. [21, (2.5.8), p. 107]). In the case where K is of class C%, the
map S"! — 0K, u — grad hi (u), is the inverse of the spherical image map
(Gauss map) of K. For this reason, this map is called the reverse spherical
image map (cf. [21, p. 107]) of K whenever hk is of class C2. Let d?hy be
the usual Hessian of hx viewed as a field of selfadjoint linear maps on R™ \ {0}.
That is, for v € R" \ {0} and x € R", d*hk (u)x is the directional derivative
of gradhi at u in the direction x. As hg is homogeneous of degree one, for
any u € S"! it follows that d?hk (u)u = 0. Since d?hk (u) is selfadjoint, this
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implies that the orthogonal complement u= of u is invariant under d?h g (u). As
ut = T,S"! we can then define a field of selfadjoint linear maps L(hx) on the
tangent spaces to S"~! by

L(hg)(u) := thK(U)’uy

Clearly, L(hk)(u) can (and occasionally will) be identified with a symmet-
ric bilinear form on w', via the scalar product induced on u from R"™. For
given u € S"!, L(hk)(u) is the reverse Weingarten map of K at u. The
eigenvalues of L(hg)(u) are the principal radii of curvature of K at u
(cf. [21, p. 108]). Due to the convexity of the support function, these are non-
negative real numbers (the corresponding bilinear form is positive semidefinite).
Recall that if K is of class Ci, the derivative of the Gauss map of K at x € 0K
is the Weingarten map of K at x. This is a selfadjoint linear map of the tan-
gent space of 0K at x whose eigenvalues are called the principal curvatures
of K at . In the C% case, L(hk)(u) is the inverse of the Weingarten map of
K at x = grad hx (u), for any u € S®~!, and both maps are positive definite.

In the following, the notion of the (surface) area measure of a convex body will
be useful. In the case of general convex bodies the definition is a bit involved,
see [21, pp. 200-203] or [7, pp. 351-353], but we will only need the case of bodies
with support functions of class C? where an easier definition is possible. Let
K C R" be a convex body with support function hg of class C2. Then the (top
order) surface area measure S,,_1(K,-) of K is defined on Borel subsets w of
Sn—l by

(2.1) Sp—1(K,w) ::/det(L(hK)(u))du7

w

where du denotes integration with respect to spherical Lebesgue measure. (See,
for instance, [21, (4.2.20), p. 206; Chap. 5] or [7, (A.7), p. 353].)

We need also a generalization of the operator L(hg). Let Ko C R™ be a
convex body of class C’JQF, and let hg be the support function of Ky. As Ky is of
class C%, the linear map L(ho)(u) is positive definite for all u € S"~!. Therefore
L(ho)(u) will have a unique positive definite square root which we denote by
L(ho)*/?(u). Then for any convex body K C R”™ with support function hx of
class C?, we define

22) Ling (hc) (w) = L(ho) ™2 (w) L(hic) (u) L(ho) ™2 (w)

where L(ho)~'/?(u) is the inverse of L(ho)'/?(u). It is easily checked that if K
is of class C3, then Ly, (hk)(u) is positive definite for all u. Furthermore, we
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always have
_det(L(hg)(u))

~ det(L(ho)(u))

The linear map Ly, (hx)(u) has the interpretation as the inverse Weingarten

det(Lp, (hx)(u))

map in the relative geometry defined by Ky. This interpretation will not be
used in the present paper, but it did motivate some of the calculations.

3. Projections and support functions

3.1. SOME MULTILINEAR ALGEBRA. The geometric condition of proportional
projection functions can be translated into a condition involving reverse Wein-
garten maps. In order to fully exploit this information, the following lemmas will
be used. In fact, these lemmas fill a gap in [14, §4]. For basic results concerning
the Grassmann algebra and alternating maps, which are used subsequently, we
refer to [17], [18].

LEMMA 3.1: Let G, H,L: R — R" be positive semidefinite linear maps. Let
ke {l,...,n}, and assume that

(3.1) (NG +ATH)E &) = ((A\FL)E, €)
for all decomposable & € /\k R™. Then

(3.2) NG+ ANFH = AFL.

Proof: Tt is sufficient to consider the cases k € {2,...,n—1}. For§,( € /\lc R™,
we define

wr(§,¢) == ((A*L)E, ¢).

Then, for any w1, ..., uk41,v1,-..,0k—1 € R™, the identity
k+1

(3.3) Z(—l)JwL(ul AN AN A - AUy U Avp A= Avgeg) =0
j=1

is satisfied, where @; means that u; is omitted. Thus, in the terminology of [16],
wy, satisfies the first Bianchi identity. Once (3.3) has been verified, the proof
of Lemma 3.1 can be completed as follows. Define wg and wg by replacing L
in the definition of wy, by G and H, respectively. Then wg g := wg + wg also
satisfies the first Bianchi identity. By assumption,

WG,H(gag) = WL(g,g)
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for all decomposable £ € /\k R™. Proposition 2.1 in [16] now implies that

WG,H(&? C) = WL(&? C)

for all decomposable &, ( € /\k R™, which yields the assertion of the lemma.

For the proof of (3.3) we proceed as follows. Since L is positive semidefinite,
there is a positive semidefinite linear map ¢: R™ — R"™ such that L = p o ¢.
Hence

wr(ur A ANugsvr A Avg) = (ui A A pug, pur A A pug)

for all uy,...,vx € R". For ay,...,ax4+1,01,...,bp—1 € R™ we define
®(ar,...,ar41501,. .., bp_1)
k+1

=) (=1 (ar Ao Ay A Naggriag Abr A Abga).
j=1

We will show that ® = 0. Then, substituting a; = ¢(u;) and b; = ¢(v;), we
obtain the required assertion (3.3).
For the proof of ® = 0, it is sufficient to show that ® vanishes on the vectors

of an orthonormal basis eq,..., e, of R", since ® is a multilinear map. So let
ai,...,ap+1 € {e1,...,en}, whereas by, ..., b1 are arbitrary.
If a1, ..., ags+1 are distinct, then the summands of ® vanish, since (a;, a;) =0

for i # j. Here we use that
(ug A+ Nug,vr A=+ Avgy = det((ui,vﬁﬁj:l)

for wy,...,ug,v1,..., v € R™.

Otherwise, a; = a; for some ¢ # j. In this case, we argue as follows. Without
loss of generality we assume that ¢ < j. Then, repeatedly using that a; = aj,
we get

®(a,...,akt+1501,...,b5-1)
=(=D)%ar A= ANai A= NajA---Nagrr;a; Aby A Abg_1)
+ (=D ar A ANag Ao Naj A Aaggr;ag Abp A Abg_1)
=(=1)"(=1)7""Mag A---Aaj Ao Naj A ANagrr;a; Aby A Abg_1)
+ (=) {ar Ao ANaig Ao Nag A Aagyr;a; Aby A Abg—q)
=0,

which completes the proof. |
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Remark 3.2: In the proof of Theorem 4.1 in [14], Haab uses a special case of
Lemma 3.1, but his proof is incomplete. To describe the situation more carefully,
let T': /\k R™ — /\k R™ denote a symmetric linear map satisfying (T'¢, &) = 1 for
all decomposable unit vectors & € /\k R™. From this hypothesis Haab apparently
concludes that T is the identity map (cf. [14, p. 126, 1. 15-20]). While Lemma 3.1
implies that a corresponding fact is indeed true for maps T of a special form,
a counterexample for the general assertion is provided in [18, pp. 124-5]. For
a different counterexample, let k be even and let @ be the symmetric bilinear
form defined on A\"(R%) by Q(w,w) = w A w. This is a symmetric bilinear
form as k is even and w A w € /\Qk R?* 5o that /\2]c R?* is one dimensional and
thus can be identified with the real numbers. In this example, Q(§,&) = 0 for
all decomposable k-vectors &, but @) is not the zero bilinear form.

Remark 3.3: Haab states a (simpler) version of the next lemma, [14, Cor 4.2,
p. 126], without proof.

LEMMA 3.4: Let G, H: R™ — R" be selfadjoint linear maps and assume that
NG+ AP H = B AFid

for some constant 8 € R with 8 # 0 and some k € {1,...n —1}. Then G and
H have a common orthonormal basis of eigenvectors. If k > 2, then either G or
H is an isomorphism.

Proof: 1If k =1, this is elementary so we assume that 2 < k < n — 1. We first
show that at least one of G or H is nonsingular. Assume that this is not the
case. Then both the kernels ker G and ker H have positive dimension. Choose k
linearly independent vectors vy, ..., v as follows: If ker G Nker H # {0}, then
let 0 # v1 € ker GNker H and choose vectors v, . .., vg so that v, vs, ..., v, are
linearly independent. If ker G Nker H = {0}, then there are nonzero v, € ker G
and v € ker H. Then ker G Nker H = {0} implies that v; and v, are linearly
independent. So in this case choose vs,...,v; so that vy,..., v, are linearly
independent. In either case

(ARG + AFH)v Avg A - Ay
=G ANGua A---NGup, + Huoy AHva A --- AN Huyg,
=0
which contradicts that A¥G + AFH = 3 AFid and 3 # 0.

Without loss of generality we assume that H is nonsingular. Since G is
selfadjoint, there exists an orthonormal basis ej,...,e, of eigenvectors of G
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with corresponding eigenvalues a1,...,a, € R. For a decomposable vector
E=v A= Avg € AR < {0}, we define

[€] :=span{v € R" : v A& =0} = span{vy,..., v} € G(n, k).
Then, for any 1 <) < ... < i < n, we get
H(span{ei,,...,ei, }) =span{H (e;,),..., H(e;, )} = [H(ey) N -+ AN Hei,)]

= [(A*H)es, A---Aeyy
=[(BAFid— A* ey A+ Ney,)
= [(ﬂ — Oy "'aik)eil ARE /\eik]
= span{e;,,..., €},

where we used that H is an isomorphism to obtain the second and the last

equality. Since k < n — 1, we can conclude that

k+1

H(span{e}) = H< OQ spanfer, ..., &, ... ,ek+1})

k+1
= m H(span{ei,...,é;,...,€xt+1})

=2
k+1

= ﬂ span{ei,...,€;,...,€xy1}
=2

= span{e; }.
By symmetry, we obtain that e; is an eigenvector of H for i =1,...,n. |
3.2. ONE PROPORTIONAL PROJECTION FUNCTION. Subsequently, if K, Ky C R™
are convex bodies with support functions of class C?, we put h := hx and

ho := hg, to simplify our notation. The following proposition is basic for the
proofs of our main results.

PropoSITION 3.5: Let K, Koy C R™ be convex bodies having support functions
of class C?, let Ky be centrally symmetric, and let k € {1,...,n — 1}. Assume
that 0 > 0 is a positive constant such that

(3.4) Vi(K|U) = BVi(Ko|U)
for all U € G(n, k). Then, for all u € S*™1,

(3.5) AFL(R)(u) + APL(R)(—u) = 28 A* L(ho)(u).
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Proof: Let u € S" ! and a decomposable unit vector & € /\k T, S"1
be fixed. Then there exist orthonormal vectors e,...,ex € u’ such that
E=e AN~ Neg. Put E := span{ey,...,ep,u} € G(n,k+ 1) and Ey :=
span{ei,...,ex} € G(n, k). For any v € ENS"~1,

Vi(K|B)|(vh N E)) = BVi((Ko| E)|(v N E)),
and therefore a special case of Theorem 2.1 in [9] (see also Theorem 3.3.2 in [7])

yields that
where SP(M,-) denotes the (top order) surface area measure of a convex
body M in E, and (K|E)* is the reflection of K|E through the origin. Since
hx\e = hK|E is of class C? in E, equation (2.1) applied in E implies that
(3.6) det (d*hsip(u)|p, ) +det (hi p(—u)| 5 ) = 28 det (hi, p(w)|, )-
Since ey, ..., ek, u is an orthonormal basis of F, we further deduce that

det (i p(u)| ) = det(d®h (u)(ei, ¢5)F j=1) = det((L(R)(w)ei, e5)F ;1)

= (NL(h)(u)é, &),

and similarly for the other determinants. Substituting these expressions into
(3.6) yields that

(AFL(R)(u) + AFL(R)(—u))E, &) = (28 A" L(ho)(w)€, €)

for all decomposable (unit) vectors £ € /\lc T.S™ 1. Hence the required assertion
follows from Lemma 3.1. |

It is useful to rewrite Proposition 3.5 in the notation of (2.2). The following
corollary is implied by Proposition 3.5 and Lemma 3.4.

COROLLARY 3.6: Let K,Ky C R"™ be convex bodies with Ky being cen-
trally symmetric and of class C3 and K having C? support function. Let
ke{l,...,n—1}. Assume that § > 0 is a positive constant such that

Vi(K|U) = BVi(Ko|U)
for all U € G(n, k). Then, for all u € S*™1,
(3.7) AP Lo () (w) + AF Lo (h) (—u) = 28 A" idg, gn-1 .

Moreover, for k € {1,...,n — 2} the linear maps Lp,(h)(u) and Lp,(h)(—u)

have a common orthonormal basis of eigenvectors.
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4. Thecases 1 <i<j<n-—2
4.1. POLYNOMIAL RELATIONS. In the sequel, it will be convenient to use
the following notation. If zi,...,z, are nonnegative real numbers and
I c{1,...,n}, then we put

Ty = HZL‘L.

el
If I = @, the empty product is interpreted as x4 := 1. The cardinality of the
set I is denoted by |I].

LEMMA 4.1: Let a,b >0 and2 <k<m<n-—1 witha™ ;ébk. Let z1,...,2,
and yi, . ..,Yy, be positive real numbers such that

rr+yr=2a and xj+y;=2b

whenever I, J C {1,...,n}, |I| =k and |J| = m. Then there is a constant ¢ > 0
such that x,/y, =c forvt=1,...,n.

Proof: Tt is easy to see that this can be reduced to the case where m =n — 1.
Thus we assume that m = n — 1. By assumption,

1 +yyr =2a and z,xp +yyr =2a

whenever ¢ € {1,...,n}, I,LI' C{1,...,n} ~ {¢}, |I| = |I'| = k — 1. Subtracting
these two equations, we get

(4.1) v (xr —xr) =y.(yr —y1).

By symmetry, it is sufficient to prove that z1/y1 = z2/y2. We distinguish
several cases.
CASE 1:  There exist I,I' C {3,...,n}, |I| =|I'| = k—1 with 2; # z1,. Then

(4.1) implies that
Ty -y _

Yy xr—xp Y2
CaseE 2: Forall I,I' C {3,...,n} with |I| =|I'| = k — 1, we have x; = z.
Since 1 < k—1 < n— 3, we obtain z := 3 = --- = z,,. From (4.1) we

get that also yy = yp for all I,I' C {3,...,n} with |I| = |I’'| = k — 1. Hence,
Y=y == Y.
CASE 2.1:  x; = zo. Since

1

12" gt = 20, T gyt = 2a

and x1 = w9, it follows that y; = yo. In particular, we have x1/y1 = x2/yo.
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CASE 2.2: x1 # To.
CASE 2.2.1:  z1,x9, 23 are mutually distinct. Choose

I:={2U{5,6,....,k+2}, I :={4}U{56,....k+2}.

Note that here kK +2 < n and {5,6,...,k+ 2} is the empty set for k = 2. Then
x; # xp as x9 # xq = x3. Hence (4.1) yields that

T _yr—yr w3

4.2 .
( ) Y1 Ty —xp Y3

Next choose
I:={1}uU{5,6,....,k+2}, I':={4}U{5,6,...,k+2}.

Then z; # x as x1 # x4 = 3, and hence (4.1) yields that

T2 _yr—yr _ w3

(4.3)

Y2 Ty —xr Y3
From (4.2) and (4.3), we get =1/y1 = x2/ya.
CASE 2.2.2: 11 # 19 = x3 Or 1 = X3 # To. By symmetry, it is sufficient to
consider the first case. Since k —1 < n — 3 and using

1

ox® 4oyl =20 and  z32b T 4 y3yF Tl = 2a,

we get yo = y3. By the assumption of the proposition, the equations

(4.4) zh +yh = 2a,
(4.5) zlxé“*l + y1y§71 = 2a,
(4.6) e )
(4.7) z1h 2+ yryn 2 = 2b.

are satisfied. From (4.4) and (4.5), we get
oy oy —x1) +y5 (y2 — ) = 0.
Moreover, (4.6) and (4.7) imply that
n—2

zh (22 — 1) + ¥y 2 (y2 — 1) = 0.

Since x1 # x2, we thus obtain

Yi—y2 _ zy ! _ y?

me—m oyt g
and therefore ys/x2 = 1. But now (4.4), (4.6) and zo = y give 2§ = a
and asgfl = b, hence a"~! = b*, a contradiction. Thus Case 2.2.2 cannot

occur. [ |



330 R. HOWARD AND D. HUG Isr. J. Math.

LEMMA 4.2: Let a,b > 0 and 1 < k < m < n — 1 with a™ # b*. Then
there exists a finite set F = Fq p.1,m, depending only on a,b, k, m, such that the
following is true: if x1,...,x, are nonnegative and y1,...,Yy, are positive real
numbers such that

rr+yr=2a and xj+y;=2b

whenever I,J C {1,...,n}, |[I| =k and |J| = m, then y1,...,y, € F.

Remark 4.3: The condition a™ # b"* is necessary in this lemma. For example,
ifa:b::[’ letzl:x2:"':xn71:y1:y2:"':ynflzlaxn:tand
yn = 1 —t, where t € (0,1). Then z; + y; = 2 for any nonempty subset I of

{1,...,n}.

Proof: 1t is easy to see that it is sufficient to consider the case m =n — 1.
First, we consider the case £ = 1. Moreover, we assume that x1,...,xz, are
positive. Then, by assumption,

(4.8) r,+y, =2a and zy+y;=2b
forv=1,...,nand J C {1,...,n}, |J| = n—1. We put X := 2(,__,; and
Y :=yq,..ny- Then (4.8) implies
X Y
—+—=2b L=1,...,n.
Ly Ye
Using y¢ = 2a — xy, this results in
2bx; + (=X +Y — dab)x, + 22X = 0.
The quadratic equation
2b2% + (=X +Y —4ab)z +2aX =0
has at most two real solutions z1, 29, hence 1, ..., z, € {21, 22}
CAsE 1: xy =--- =2, =: 2. Then by (4.8) also y1 = --- =y, =: y. It follows
that
(4.9) 2" (2a—2)"t —2b=0.

The coefficient of highest degree of this polynomial equation is 2 if n is odd,
and (n — 1)2a if n is even. Hence (4.9) is not the zero polynomial. This shows
that (4.9) has only finitely many solutions, which depend on a, b, m only.
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CASE 2: If not all of the numbers 1, ..., x, are equal, and hence z; # 22, we
put

l=|{ve{l,...,n} 2, =21}
Then 1 <l<n—-landn—-Il=1{t€{l,...,n}: 2z, = 22}|. Then (4.8) yields
that

(4.10) 271207 (20 — 20)! 7Y (20 — 20)" ! = 20,
(4.11) 22277 4 (20 — )1 (2a — 20)" I = 20

If I = 1, then (4.10) gives
(4.12) 287N+ (20 — z)" 7 = 20.

Since this is not the zero polynomial, there exist only finitely many possible
solutions zo. Furthermore, (4.11) gives

21[2872 = (2a — 22)" %] = 2b — 2a(2a — zp)" 2.

If 25 # a, then z; is determined by this equation. The case zo = a cannot
occur, since (4.12) with 2o = a implies that a®~! = b, which is excluded by
assumption.

If I =n — 1, we can argue similarly.

Solet 2 <1 < n—2. Note that 0 < 21, 20 < 2a since x,,y, > 0 and x,+y, = 2a.
Equating (4.10) and (4.11), we obtain

(4.13) (2‘1*2’1)1_1:( ke )n_l_l.

21 2a — zo

The positive points on the curve Zi_l = Z;L_l_l, where Z1, Z5 > 0, are param-
eterized by Z1 = "1 and Zy = tl_l, t > 0. Therefore setting

tn_l_l = (2(1 — zl)/zl, tl_l = ZQ/(2(I — 22),
that is
(4.14) 21 =2a/(1+t"717Y), 2o =2at 71/ (1 + £,

we obtain a parameterization of the solutions z1, zo of (4.13). Now we substitute
(4.14) in (4.10) and thus get
t(l—l)(n—l)

2 n—1
(2a) (14 (n-1)=1(] 1 -1yt

- H1—1)(n—1-1)
+(2a) (1 + ¢n L) I(1 g Lyn— =20.
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Multiplication by (14+¢"~!=1)i=1(14++~1)"~! yields a polynomial equation where
the monomial of largest degree is

9pt (1= D=1y (1=1)(n—D)

and therefore the equation is of degree (I — 1)(2(n — 1) — 1). This equation will
have at most (I — 1)(2(n — ) — 1) positive solutions. Plugging these values of ¢
into (4.14) gives a finite set of possible solutions of (4.10) and (4.11), depending
only on a,b, m. This clearly results in a finite set of solutions of (4.8).

We turn to the case 2 < k < n — 2. We still assume that z1,...,z, are
positive. By assumption and using Lemma 4.1, we get

(1+)yr=2a and (14" Yy; =2b

for I,J C {1,...,n}, [I| =k, |J| = n — 1, where ¢ > 0 is a constant such that
x,/y, =cfort=1,...,n. We conclude that

b 1+ cF

I 1ot
whenever I C {1,...,n}, [I| =n—1—k. Since 1 <n—1—k < n—2, we obtain
Yy =--- =1y, =:y. But then also ; = --- = z,, =: . Thus we arrive at
(4.15) 2 +yF =20 and 2" 4y =20

The set of positive real numbers x,y satisfying (4.15) is finite. In fact, (4.15)
implies that
(2& _ xk)nfl — yk(nfl) — (2b _ xnfl)k,

and thus

(4.16) ni (n a 1> (20)" (= 1)1t gh(n=1-0)

Lk
_ Z (6) (2b)€(_1)k—fl‘(n—1)(k—€) — 0
£=0

The coefficient of the monomial of highest degree is (—1)""1 + (=1)k=1 if
this number is nonzero, and otherwise it is equal to (n — 1)(2a)(—1)""2, since
k(n —2) > (n —1)(k — 1). In any case, the left side of (4.16) is not the zero
polynomial, and therefore (4.16) has only a finite number of solutions, which
merely depend on a, b, k, m.
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Finally, we turn to the case where some of the numbers z1,...,x, are zero.
For instance, let ;1 = 0. Then we obtain that

y1yr = 2a, y1yg = 2b

whenever I', J' € {2,...,n}, |I'| = k—1and |J'| = n—2, and thus y ;- /yp = b/a.
Therefore y; = b/a for all I C {2,...,n} with |I| =n—1—k. Using that k > 1,

we find that y ==y = --- = 5, = (b/a)"/ =175 Since y,y*~! = 2a, we again
get that yi1,...,y, can assume only finitely many values, depending only on
a,b,k,m=mn—1. |

4.2. PROOF OF THEOREM 1.1 FOR 1 < i < j < mn —2. An application of
Corollary 3.6 shows that, for v € S*7 1,

(4.17) A" Ly (B)(w) 4+ ALy, (h) (—u) = 2a A'id,, 1,
(4.18) N Ly (h)(u) + N Ly (h)(—u) = 28 A id,, 1,

Since i < j < n — 2, Corollary 3.6 also implies that, for any fixed u € S~ !,
L, (h)(w) and Lp,(h)(—u) have a common orthonormal basis of eigenvectors.

Case 1: o # 3'. We will show that there is a finite set, F; 5, ;, independent
of u, such that

_ detL(A)(w) _ ., for all u € §"

(4.19) det(Lp, (h)(u)) = m € S a8,

Assume this is the case. Then, since h, hg are of class C?, the function on the
left-hand side of (4.19) is continuous on the connected set S"~! and hence must
be equal to a constant A > 0. If A = 0, then det L(kh) = 0 and, as det L(h)
is the density of the surface area measure S,,_1 (K, -) with respect to spherical
Lebesgue measure, this implies that the surface area measure S,,_1(K,-) = 0.
But this cannot be true, since K is a convex body (with nonempty interior).
Therefore A > 0. Again using that det L(h)(u) is the density of the surface
measure S,_1(K,-), and similarly for hg and Kj, we obtain S,_1(K,:) =
Sp_ 1A/ =D K, ). But then Minkowski’s inequality and its equality condi-
tion imply that K and K, are homothetic (see [21, Thm 7.2.1]).

To construct the set .7-';57i’j, we first put 0 in the set. Then we only have
to consider the points u € S"~! where det Ly, (h)(u) # 0. At these points
(4.17) and (4.18) show that the assumptions of Lemma 4.2 are satisfied (with n
replaced by n—1). Hence there is a finite set F, g j, such that for any v € S"~*
with det Ly, (h)(u) # 0, if z1,...,2z,_1 are the eigenvalues of Ly, (h)(—u) and
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Y1s---,Yn—1 are the eigenvalues of Ly, (h)(u), then y1,...,Yn—1 € Fa ;. Let
o.5.i; be the union of {0} with the set of all products of n — 1 numbers each
from the set Fo g,4,5-

CASE 2: If o/ = 3%, then the assumptions can be rewritten in the form

M)W (%—(Kow))l/i

Vi (K|U) Vi(K|L)

(4.20) (

for all U € G(n,j) and all L € G(n,i). Let U € G(n, j) be fixed. By homogene-
ity we can replace Ky by pKy on both sides of (4.20), where p > 0 is chosen
such that V;(uKo|U) = V;(K|U). We put My := puKo|U and M := K|U. Then,
for any L € G(n,¢) with L C U, we have

V;(M) =V;(My) and V;(M|L) = Vi(Mo|L).

By the theorem stated in the introduction of [5] (in [10, § 4] the authors review
the results of [5] and give a somewhat shorter proof) this implies that M is
a translate of My and therefore K|U and Ko|U are homothetic. Since j > 2,
Theorem 3.1.3 in [7] shows that K and Ky are homothetic. |

5. The cases 2<i<j<n—1withi#n—2

5.1. EXISTENCE OF RELATIVE UMBILICS. We need another lemma concerning
polynomial relations.

LEMMA 5.1: Letn>5,k € {2,...,n—3}, v > 0, and let positive real numbers
0<x) <m9 <--- < 1xp_1 be given. Assume that

(5.1) xp+xpe =27

for all I C {1,...,n — 1}, |I| = k, where I* := {n — ¢ : i € I}. Then

Ty = =Ty
Proof: Choosing I ={1,2,...,k} in (5.1), we get

(5.2) T1T T+ Tp—k* Tn—2Tn_1 = 27.
Choosing I = {1,n —k,...,n— 2} in (5.1), we obtain
(5.3) T1Tp—f " Tp—2 + T TpTp—1 = 2.
Subtracting (5.3) from (5.2), we arrive at

(5.4) Tk Tp—2(Tpo1 — 1) + X2+ (1 — Tpo1) = 0.



Vol. 159, 2007 SMOOTH CONVEX BODIES 335
Assume that z7 # x,—1. Then (5.4) implies that
(5.5) Ty Tk = Tpek " Tna.

We assert that xo = x,_5. To verify this, we first observe that 2 < k <n —3
and 2o < -+ < x,_2. After cancellation of factors with the same index on both
sides of (5.5), we have

(56) LT = Tn—] """ Tn-2,
where 2 <1 < n —1 (here we use k < n — 3). Since
Ty S Tpoly, -1 S Tpoigl,  oe. T2 S Tpog,

equation (5.6) yields that zo = -+ = &, 9.
Now (5.2) turns into

(5.7) et b e, = 2y,

From (5.1) with I = {2,...,k + 1} and using that kK <n — 3, we obtain

(5.8) xk k=24

Hence (5.7) and (5.8) show that

(5.9) T1 4+ Tpo1 = 229.

Applying (5.1) with I ={1,...,k— 1,n — 1} and using (5.8), we get
2x1x§_2zn,1 =2v = 2z§,

hence

(5.10) 1Ty 1 = T2

But (5.9) and (5.10) give 1 = x,_1, a contradiction.
This shows that 1 = x,,_1, which implies the assertion of the lemma. [ |

ProrosiTioN 5.2: Let K, Ky C R" be convex bodies with Ky centrally sym-
metric and of class C’JQr and K having a C? support function. Let n > 5 and
ke {2,...,n—3}. Assume that there is a constant 3 > 0 such that

Vi(K|U) = BVi(Ko|U)
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for all U € G(n, k). Then there exist ug € S*~! and rq > 0 such that

Lho(h)(uo) = Lho (h)(—uo) =70 idTuOSnfl .

Proof: For u € S"7 1, let r1(u),...,r,—1(u) denote the eigenvalues of the self-
adjoint linear map Ly, (h)(u): T,S"~! — T,,S"~!, which are ordered such that

ri(u) <o <rpea(u).
Then we define a continuous map R: S*~' — R*~! by

R(u) := (r1(w), ..., rn-1(u)).

By the Borsuk-Ulam theorem (cf. [13, p. 93] or [19]), there is some ug € S*~*
such that

(5.11) R(uo) = R(—uo).

Corollary 3.6 shows that Ly, (h)(uo) and Ly, (h)(—uo) have a common orthonor-
mal basis ey, ...,e,_1 € ug of eigenvectors and by Lemma 3.4 at least one of
Ly, (h)(ug) or Lp,(h)(—ug) is nonsingular. But R(ug) = R(—wug) implies that
L, (h)(uo) and Lp,(h)(—up) have the same eigenvalues and thus they are both
nonsingular. Therefore the eigenvalues of both Ly, (h)(ug) and Ly, (h)(—ug) are
positive.

We can assume that, fore =1,...,n—1, e, is an eigenvector of Ly, (h)(ug) cor-
responding to the eigenvalue r, := r,(ug). Next we show that e, is an eigenvector
of Lp,(h)(—ug) corresponding to the eigenvalue r,,—,(—up). Let 7, denote the
eigenvalue of Ly, (h)(—ug) corresponding to the eigenvectore,, t =1,...,n— 1.
Since 71, . ..,7p—1 is a permutation of r1(—wug),...,rn—1(—uo), it is sufficient to
show that 71 > --- > 7,_1. By Corollary 3.6, forany 1 <i; < --- < i <n—1
we have

(A Lig (R)(u0) + A*Lig (h)(—u0))ei, A+ Aei, = 2Bei, A=+ A ey,
and therefore
(5.12) Tiy o Ti iy T, = 2.

For ¢t e {1,...,n—2}, we can choose a subset I C {1,...,n—1} with |[I| =k—1
and ¢,0 +1¢ I, since k+ 1 <n — 1. Then (5.12) yields

rir, + fffb =Tir.+1 + fIfLJrl Z rir, + fIfLJrla
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which implies that 7, > 7,41.
Let 1 <iy <---<ix<n—1and I:={i,...,ix}. Applying the linear map
A Lo (R)(ug) + AF Ly, (h)(—ug) to e;, A--- Ae;,, we get

(5.13) [ 7(uo) + ][ rn—i(—uo) = 28.

el el

From (5.11) and (5.13) we conclude that the sequence

0< rl(uO) S o S rn—l(uO)

satisfies the hypothesis of Lemma 5.1. Thus, r1(ug) = -+ = rp—1(ug) =: 7o.
But R(—ug) = R(ug) implies that also r1(—ug) = -+ = rp—1(—ug) = ro, which
yields the assertion of the proposition. |

5.2. PROOF OF THEOREM 1.1: REMAINING CASES. It remains to consider

the cases where j = n — 1. Hence, we have 2 < ¢ < n — 3. Proposition 5.2

implies that there is some ug € S"~! such that the eigenvalues of Ly, (h)(uo)

and Ly, (h)(—uo) are all equal to 79 > 0. But then Corollary 3.6 shows that
Vi(K|L)

b+ Th =20 =2—>—"%
7"0"’7&0 « ‘/:L(KO|L)7

for all L € G(n,1), and

Vi (K|U)

i+l =28= 2V»(K0|U)’
j

for all U € G(n,j). Hence, we get

(‘G(KolU))l/J’ _ (Vi(K0|L))1/i

Vi (K|U) Vi(K|L)

for all U € G(n,j) and all L € G(n,¢). Thus again equation (4.20) is available
and the proof can be completed as before. |

5.3. PrROOF OF COROLLARY 1.3. Let K have constant width w. Then,
[2, §64], the diameter of K is also w and any point @ € JK is the end-
point of a diameter of K. That is, there is y € 0K such that |z — y| = w.
Then K is contained in the closed ball B(y,w) of radius w centered at y and
r € 0B(y,w)NK. Thus if 9K is C2, then K is internally tangent to the sphere
0B(y,w) at . Therefore all the principle curvatures of 0K at x are greater than
or equal to the principle curvatures of 9B (y,w) at x, and thus all the principle
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curvatures of 0K at x are at least 1/w. Whence the Gauss—Kronecker curvature
of OK at x is at least 1/w"~!. As x was an arbitrary point of K this shows
that if 9K is a C? submanifold of R” and K has constant width, then 0K is of
class C’i. Corollary 1.3 now follows directly from Corollary 1.2. |

6. Bodies of revolution

We now give a proof of Proposition 1.4. By assumption, there are constants
«, 3 > 0 such that

Vi(K|L) = aVi(Ko|L) and V,_1(K|U) = BV,_1(Ko|U),

for all L € G(n,i) and U € G(n,n — 1), where i € {1,n — 2}. We can assume
that the axis of revolution contains the origin and has direction e € S*~!. Let
u € S"71 \ {&e}. Then there are p € (—7/2,7/2) and vg € S~ ! Nut such
that u = cos pvg + sin pe. For the sake of completeness we include a proof of
the following lemma.

LEMMA 6.1: The map L(hg)(u) is a multiple of the identity map on et N vy
and has — sin pvg + cos pe as an eigenvector.

Proof: By rotational invariance, there is some 7(¢) > 0 such that
(6.1) hi (cos pv + sinp|vle) = r(p)|v],

for all v € e*. Differentiating (6.1) twice with respect to v € et yields that, for
any v,w € et ﬂvol,

cos? pd?hx (cos pug + sin we) (v, w) = 7(¢) (v, w),

where 7(¢) = r(y)—sin ¢ dh(cos pvg+sin ge)(e). Moreover, differentiating (6.1)
with respect to v, we obtain, for any v € e+ N vy,

(6.2) dh g (cos pug + sin pe)(v) = 0.
Differentiating (6.2) with respect to ¢, we obtain
d?h g (cos pvg + sin pe) (v, — sin vy + cos pe) = 0.

Thus, if vy, ..., v,_2 is an orthonormal basis of et ﬂvOL, then — sin vy + cos e,
V1,...,Un—2 is an orthonormal basis of eigenvectors of L(hg)(u) with corre-
sponding eigenvalues x1 and o = -+ = x,_1 =: T. [ |
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Proof of Proposition 1.4: Let K and Ky be as in Proposition 1.4 and let e
be a unit vector in the direction of the common axis of rotation of K and
Ky. Let h be the support function of K and hg the support function of Kj.
Let v € S* ' Net be a point in the equator of S*~! defined by e. As e
is orthogonal to u, the vector e is in the tangent space to S"~! at u. Let
€2,...,en_1 be an orthonormal basis for {u,e}*. Then e,es,...,e, 1 is an
orthonormal basis for both 7,,S*~! and T_,S""!. By Lemma 6.1 there are
eigenvalues x1, and 22 = x5 = -+ = 2,1 =: z such that L(h)(u)e = xie
and L(h)(u)e; = ze; for j =2,...,n— 1. By rotational symmetry we also have
L(h)(—u)e = xz1e and L(h)(—u)e; = ze; for j = 2,...,n—1. Likewise, if 31, and
Y2 =Yz = -+ = ynp—1 =: y are the eigenvalues of L(hg)(u), then they are also
the eigenvalues of L(hy)(—u) and L(ho)(£u)e = y1e and L(ho)(£u)e; = ye; for
7 =2,...,n—1. By Proposition 3.5 the polynomial relations

o' 4z = 2amy"
'+ ' =20y,

w1 4 ma" T = 20y

hold. The first two of these yields that x/y = x1/y1 and therefore
n—1 __ i(n—1) _ §gi
a" = (x/y) =p".

As in the proof of Case 2 of the proof of Theorem 1.1 this gives that equa-
tion (4.20) holds which in turn implies that K and K, are homothetic. |
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